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Maple programming

1
( (3.14-2m+1))2
exp(1) N

sl == x— sum 4. (D"
' 3040 2m+1)

-cos( 3'214 ‘2m+1)
]-0.4

1 %=value(%);

10 4(_1)mCOS( 314(21211+1)x) 10
- 2 ) Ly
Py 3.142 2m+1)2-0.4 w0
3.14(2m+1) (e) 4
4(—1)mcos( 3.14(2;1+1)x)
3142 2m+1)2-04
3.14(2m+ 1) (e) 4
>
> Cym
§2 = x— sum 4 (1) ! 'COS( LM (2m+1)
3140 (@mAT) ([CITTTEIEA Y
exp(1) !

1 %=value(%);

*x)]],mO..lO

10 4(—1)mcos( 3.14(21211+ l)x) 10
— =|x—
* ,,;0 3142 2m+1)2-0.1 * ,,ZO
3.14(2m+1) (e) 4
4(—1)mcos( 3.14(22m+1)x)
3.142 2m+1)2-01
3.14(2m+1) (e) 4
>
> 4 (-1)" 1 3.14
3= : : ——-(2m+1
s x_)sum[[aml 2m+1) [(3.14-(2m+1))2)_1 COS( 2 (2m+1)
exp(1) !

1 %=value(%);

*X)H,m_o..m
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10 4(—1)mc0s(W) 10
- ) |-
m=0 3142 @2m+1)” m=0
3.14(2m+ 1) (e) 4
4(_1),,,008( 3.14(2;1—1— l)xJ
3.142 2m+1)2
3.14(2m+ 1) (e) 4
> _\m
54 = x— sum 4 T (1) 1 -cos( 3.14 ‘2m+1)
314" 2m+1) ((3.14-(2m+1))2)_004 2
e o,

exp(1)
*x) ,m=0.10 | : %=value(%);

10 4(—1)mcos( 3.14(2m—|—1)xJ 10
= 2 P
oy 3142 2m+1)2-0.04 oy
3.14(2m+1) (e) 4
4(—1)mc0s( 3.14(2;1 +1)x )
3.142 (2 m+1)2-0.04
3.4 (2m+ 1) (e) 4
> 4 (=p” 1

§$5 = x— sum

'cos( 3'214 ‘2m+1)

3148 2m+1) (B.04-2m+1))2

exp(l)[ mEDE oo

*x) ,m=0.10|: %=value(%);

10 4(—1)mcos( 3.14(2;1+1)x) 10
- 2 ) | .Y
=0 3.142 2 m +1)2-0.01 =
3.14(2m+1) (e) 4
4(_1),,,005( 3.14(2;14— 1)x)
3.142 2m+1)2-0.01
3.14(2m+1) (e) 4

> 6 4 _ (" ( (3-14. )] _ .9
s6 x_)sum[[3.14l Qm+1) 1- cos > 2m+1)x|||,m=0.20000|:%

=value(%);
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(e

m 3.142m+ 1) x
20000 4 (-1)" cos| 2T X 20000
[x_) Z ( 2 ) J ) [x_) Z

m=0 3.14(2m+1) oy
4(-1)mcos( 3.14(22m+ l)xJ
3.4 2m + 1)

> plot({sl(x),s2(x), s3(x), s4(x), s5(x), s6(x) }, x=0..1, title = "The solutions to three related
BVPs", thickness=3);

The solutions to three related
BV Py
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FEM Approach Backward Euler

> #HHiBeuler-Finaltt#
> with(LinearAlgebra) :
>
beuler '=proc(M, K, d0, n, dt, el, v0, a)
locali, L, U, V;
U = Matrix(n + 1, 2, datatype = anything);
V = Matrix(n + 1, 2, datatype = anything);
L := M+ dt-K,
forifromOton
do
Ull +i,1] :==i-dt;
V1 +i,1]:=i-dt
end do:
Ul 1,2] :== v0,
V[1,2] = do,
forifrom1ton
do
Ull+42]:
V[l +12]:
end do:
U,
Vv,
end proc;

(-1)-L K(V[i,2] + (1 — a)-dr-U[ i,2]);
vii,2] + ( —a)-drUli,2] + a-d-U[i + 1,2] :

beuler == proc(M, K, d0, n, dt, el, v0, a)
local i, L, U, V;
U = Matrix(n + 1, 2, datatype = anything);
V= Matrix(n + 1, 2, datatype = anything);
L =M+ dt*K;
for i from 0 to n do U[1 + i, 1] :=i*dt; V[1 4+ i, 1] :=i*dt end do;
Ul1,2] =0,
V[1,2] :=do,
for i to n do
U1 + i, 2] := Typesetting:-delayDotProduct( Typesetting:-delayDotProduct( — 1/L,
K), V[i,2] + (1 —a)*dt*U[i,2]);
VI1+4,2]:=V[i2] + (1 —a)*dt*U[i,2] + a*dt*U[1 + i, 2]
end do;
U,
14
end proc
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#HitHii##  BackWard Euler #H#######

> a=1:

#i#H####  Inputs -- 1.C. and B.C. --- Time steps=0.4 ###H##H#H###

> el=35:

> h:= Vector(el + 1,i—(i-1)/el) :
> n=2:

> Time = 0.8:

>

_( Time 1y,
ar = (- 1:
dt :=0.4000000000
> d0 = Vector(el +1,i—1) :

Hit####H  Global Mass and Stiffness Matrix #HH###HHH#

6
0,0,1,4,1],[0,0,0,0,1,4]]) :

> M= (M)me(@ [[2,1,0,0,0,0], [1,4,1,0,0,0], [0, 1,4, 1,0,0], [0,0, 1,4, 1, 0], [0,

> K = Matrix(6, [[5,-5,0,0,0,0], [ -5, 10,-5,0,0, 0], [0,-5, 10,-5,0, 0], [0, 0,-5, 10,-5, 0],
[0,0,0,-5,10,-5], [0,0,0,0,-5, 10]]) :

Hi#### Calculations - FEM  #####H#H#HH##
> v0=-M'"Kdo:

> U := beuler(M, K, d0,n,dt, el v0,a) :
> with(plots, pointplot) :

> Y := Vector(el + 1,U[n+ 1,2]) :
> plotl := pointplot({hY), symbolsize =15, color = [ "Blue"]) :
> pointplot({h|Y), symbolsize = 15) :

#it###E Calculations - Exact dt=0.4 ####H#H##

>

> 4 (-p” 1 3.14

* COS
3.14! (2m+1)1[ (w).m ( 2
exp(1)

Exact 04 := x— sum[ [
4

‘2m+1) *x)]],mO..SOO : %=value(%);
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500 4(_1)mCOS(MJ

> 2 NSy

3142 2m+1)2-04
3.14(2m+1) (e) 4
4(—1)mcos( 3.14 (2;1 +1)x J
3.142 2m+1)2-04
3.14(2m+1) (e) 4

> with(plots) :

> plor2 := plot(Exact 04(x),x=0.1) :
> plot(Exact 04(x),x=0.1):

> display([ plotl, plot2], ) :

#it#H#H#H## Time steps = 0.1 H#HAH#H#HH#H#H#H#
> ni=2:
> Time = 02:

> dt == [M)(l)
n b
dt :=0.1000000000

> U := beuler(M, K, d0, n, dt, el, v0, a) :
> with(plots, pointplot) :

> Y := Vector(el + 1,U[n+1,2]) :

> plot3 := pointplot((WY), symbolsize= 15, color = ["Blue"]) :

> pointplot({h|Y), symbolsize=15) :

#H#H#H#### Calculations - Exact dt=0. 1 #########

>
> _1\m
Exact 01 == x— sum T (=1) ] ! 3 -cos( 3.14
3.14° (2m+1) ((3.14-(2m+1)) )_O.l 2
exp(1) !
-(2m+1)*x)]],m—0..500 1 %=value(%);
500 4(_1)mCOS(M) 500
P 2 ~ x>
m=0 3142 2 m+1)2-0.1 oyt
3.14(2m+1) (e) 4
4(_1),,,008( 3.14(2;n+1)x]

3.142 2 m+1)2-0.1
3.14(2m+ 1) (e) 4




(e

)

PEng-Consulting

> with(plots) :

> plot4 := plot(Exact 01(x),x=0.1):

> plot(Exact 01(x),x=0.1):

#itH#H#H#H#H Time steps = 1 #HHH#HHHH#H#

> ni=2:

> Time :=2:

> g [Tlme).(l);
n

dt:

Il
—_

> U := beuler(M, K, d0, n, dt, el, v0, a) :
> with(plots, pointplot) :

> Y := Vector(el +1,U[n+1,2]) :

> plot5 := pointplot({hY), symbolsize =15, color = [ "Blue"]) :

> pointplot({h|Y), symbolsize=15) :

#H##### Calculations - Exact dt=1 #########

>
> 4 _ ("

34" 2m+1)!

+ 1)*x)]],m—0..500

1 ‘COS( 3.14
[ (3.14-2m+1))? ]‘1 2
exp(1) !

Exact 1 :=x— sum[ [

1 %=value(%);

500 4(_1)mc0s(w) 500

. =
m=0

3.142 0 m+1)2
3.142m+1) (e) 4

4(—1)mcos( 3.14(2;n+ l)x)

3142 2m+1)2
3.4 (2m+ 1) (e) 4

> with(plots) :
> plot6 := plot(Exact _1(x),x=0.1):
> plot(Exact_1(x),x=0.1):

#iH#H#H##H Time steps = 0.04 ###H###H#H##
> n=2:
> Time := 0.08 :

> ar= (1) 0):

dt == 0.04000000000

> U := beuler(M, K, d0, n, dt, el,v0, a) :
> with(plots, pointplot) :

(2m

10
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> Y := Vector(el +1,U[n+ 1,2]) :

> plot7 := pointplot({hY), symbolsize =15, color = [ "Blue"]) :

> pointplot({h|Y), symbolsize = 15, color = [ "DarkGreen"]) :
#H##H#H### Calculations - Exact dt=0.04 #####Hi#HiH#H

> >
_ m
Exact 004 := x— sum 4 T" (1) 1 ! 2 -cos( 3.14
3141 2m+1) [M].OM 2
exp(1) !
-(2m+1)*x)] ,m=0.500 | : %=value(%);
500 4(-1)" cos( M] 500
= 2 — x> >
m=0 3.142 2 m+1)2-0.04 =0

3.14(2m+1) (e) 4

4(—1)mcos( 3.14(2;1 +1)x )

3.142 (2 m+1)2-0.04
4

3.14(2m—+1) (e)

> with(plots) :
> plot8 := plot(Exact 004(x),x=0..1) :
> plot(Exact_004(x),x=0..1) :

#it##H#H#H#H Time steps = 0.01 #H###H#H#H#H##
> ni=2:
> Time := 0.02:

> ar= () (1);

dt :=0.01000000000
> U := beuler(M, K, d0,n,dt, el v0,a) :
> with(plots, pointplot) :

Y := Vector(el + 1,U[n + 1,2]) :
plot9 == pointplot( (h|Y), symbolsize = 15, color = ["Blue"]) :
pointplot({hY), symbolsize = 15, color = [ "DarkGreen"]) :

vVVyv
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#i###H# Calculations - Exact dt=0.01 #####H#H#H

_ m
Exact 001 := x— sum 4 T (-1) ] 1 3 ‘cos( 3.14
3148 2m+1) [M].Om 2
exp(1) 4
-(2m+1)*x)J ,m=0.500 | : %=value(%);
500

500 4(_1)"1605(%)

x> ZO 2 = x> 2,
m=

3.142 2 m+1)2-0.01
3.14(2m+1) (e) 4
4(_1),,,008( 3.14 (Z;n +1)x )
3.142 2m+1)2-0.01
3.14(2m+1) (e) 4

with(plots) :

plot10 = plot(Exact_001(x),x=0..1) :

plot(Exact_001(x),x=0.1):

display([ plotl, plot2, plot3, plot4, plot5, plot6, plot7, plot8, plot9, plot10]);

VVVYV
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FEM Approach Trapezoidal Rule

> #iHHCeuler-Final#iH

> with(LinearAlgebra) :

>
beuler '=proc(M, K, d0, n, dt, el, v0, a)
locali, L, UV,
U = Matrix(n + 1, 2, datatype = anything);
V = Matrix(n + 1, 2, datatype = anything);
L := M+ dt-K,
forifromOton
do
UL+, 1] = i-dt;
VI1+i,1] = i-dg

end do:

Ul 1,2] :== v0,
V[1,2] = do,
forifrom1ton
do

Ul +i,2] = (-1)-L"K.(V[i,2] + (1 —a)-dt-U[ i,2]);
V[1+i,2] = V[i,2] + (1 —a)-dt-U[ i,2] + a-dt-U[i + 1,2] :
end do:

U

Vv,

end proc;

beuler == proc(M, K, d0, n, dt, el, v0, a)
local i, L, U, V;
U = Matrix(n + 1, 2, datatype = anything);
V.= Matrix(n + 1, 2, datatype = anything);
L =M+ dt*K;
for ; from O to n do U[1 +i,1]:=i*dt, V[1 + i, 1] :=i*dt end do;
Ul1,2] =0,
V[1,2] :=do,
for i to n do

U1 + i, 2] := Typesetting:-delayDotProduct( Typesetting:-delayDotProduct( — 1/L,
K),V[i,2] + (1 —a) *dt*U[i, 2]);
VI1+62]:=V[i2]+ (1 —a)*dt*U[i,2] + a*dt*U[1 + i, 2]
end do;
U
14
end proc

13
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Hi#H#H#R  Trapezoidal Rule #H###HH#H#H##

1
> .= L.
a 2

#itH###R  Inputs -- 1.C. and B.C. --- Time steps=0.4 #######H#H#

> el:=5:

> h:= Vector(el + 1,i—(i-1)/el) :
> n=2:

> Time = 0.8:

>

di = [%)-(1);

dt :=0.4000000000
> d0 = Vector(el + 1,i—1) :

#i#H#H###  Global Mass and Stiffness Matrix #H###H##H#HHHE

([—) atrix(6, [[2, 1,0,0,0,01, [1,4, 1,0,0,01, [0, 1,4, 1, 0,0, [0,0, 1, 4, 1, 01, [0,
0,0,1

1,[0,0,0,0,1,4]]) :

> K = Marrix(6, [[5,-5,0,0,0,0], [ -5, 10,-5, 0,0, 0], [0,-5, 10,-5, 0, 0], [0, 0,-5, 10,-5, 0],
[0,0,0,-5, 10, ][ 0,0,0,-5, 10]]) :

HitH#H#H#H Calculations - FEM  ##HH#H#HH#H#H
> v0:=-M'"Kdo:

> U := beuler(M, K, d0,n,dt, el, v0, a) :
> with(plots, pointplot) :

Y := Vector(el + 1, U[n + 1,2]) :
plotl = pointplot( (h|Y), symbolsize = 15, color = ["Blue"]) :
plot({NY), symbolsize= 15, color = ["Blue"]);

vV VYV

0.4

0.3

0.1

14
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#it###H##H Calculations - Exact dt=0.4 #i#H#H###

>

> Cm
Exact04:=x—>sum[[ 4 (1) 1 3.14

* COS
((3.14‘(2m+1))2J04 ( 2
4 e

314 2m+1)!

-(2m+1)*x)]],m0..1

exp(1)
1 %=value(%);

4(—1)mcos( 3.14(21211 +1)x )

1
— =|x—
g ,,;0 3142 2m+1)2.04 * z
3.14(2m+1) () 4
4(—1)mcos( 3.14 (2;1 +1)x j
3.142 2m+1)2-04

3.14(2m+1) () 4

with(plots) :

plot2 == plot(Exact_04(x),x=0.1) :

plot(Exact 04(x),x=0.1):

display([ plotl, plot2], ) :

#i#H#H#HA## Time steps = 0.1 HAHAHH#H#H#

VVVYV

dt :=0.1000000000

> U := beuler(M, K, d0,n,dt, el v0, a) :
> with(plots, pointplot) :

Y := Vector(el + 1, U[n+ 1,2]) :
plot3 == pointplot( (h|Y), symbolsize =15, color = ["Blue"]) :
plot({hY), symbolsize= 15, color = [ "Blue"]);

VVYV

0.8

0.7

0.8

0.5

04

0.3

0.2

0 02 04 06 08 1




)
Q PEng-Consulting
K

#it##E Calculations - Exact dt=0.1 #H##H##H##H

>
> 1 ‘COS( 3.14
(3.14-(2m+1))2)01 2

exp(l)( N

(="
3.4 2m+1)!

“(2m + 1)*x)]],m—0..1

Exact 01 == x— Sum[ [

1% =value(%);

4(—1)mcos( 3.14(2;1+1)x) |
-3 2 ) |]Ly
= 3142 2m+1)2-0.1 =0
3.14(2m+1) (e) 4
4(_1),,,005( 3.14(2;n+1)x)
3142 2 m+1)2-0.1
4

3.14(2m+1) (e)

> with(plots) :

> plot4 := plot(Exact 01(x),x=0.1):

> plot(Exact 01(x),x=0.1):

#HH#HHHE Time steps =1 #HH###H#H##H#

> ni=2:

> Time :==2:

> dr= [m).(l);
n

Il
—_

dt:

> U := beuler(M,K, d0,n,dt, el v0,a) :
> with(plots, pointplot) :

Y := Vector(el + 1, U[n + 1,2]) :
plot5 == pointplot( (h|Y), symbolsize =15, color = ["Blue"]) :
plot((h|Y), symbolsize= 15, color = [ "Blue"]);

vVVyv

0.05

-0.05

-0.10

16
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#it###E Calculations - Exact dit=1 #H##H##H##

>

> (-1)" 1

3.14

314" 2m+1)!

+ 1)*x)]],m—0..1

Exact 1 :=x— sum[ [

1 %=value(%);

| 4(—1)mcos( 3.14(2;1—}—1))() |
= 2 2 |- x—»Z
Fogur’ 3.142 2m+1) =0
3.14(2m+1) (e) 4
4(_1),,,008( 3.14(22m+1)xJ
3142 2m+1)2
3.14(2m+ 1) (e) 4

> with(plots) :
> plot6 := plot(Exact 1(x),x=0.1):
> plot(Exact_1(x),x=0..1) :

#itHH#HHH Time steps = 0.04 #HH#HHHHHH#
> n:=2:
> Time = 0.08 :

> di= [%)-(1);

dt :=0.04000000000
> U := beuler(M,K, d0,n,dt, el v0,a) :
> with(plots, pointplot) :

Y := Vector(el + 1, U[n + 1,2]) :
plot7 == pointplot( (h|Y), symbolsize =15, color = ["Blue"]) :
plot((h|Y), symbolsize= 15, color = [ "Blue"]);

vVVyv

[ [ (3.14-2m+1))?
exp(1) !

el

(2m

17
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#it###H# Calculations - Exact dt=0.04 #####H#H#H

>

> 4 (- 1 3.14

3148 2m+1)!

-(2m+1)*x)]],m0..1

+ COS
. 2 (
(3.14-2m+1)) ].0.04 2

Exact 004 :=x— sum[ [
4

exp(1) [
1 %=value(%);

4(—1)mcos( 3.14(22m+1)x) |
— =|x—
g ,,;0 3.142 2m+1)2:0.04 * ,,ZO
3.14(2m+1) () 4
4(_1),,,005( 3.14(2;1 +1)x )

3142 (2 m+1)2-0.04
4

3.14(2m+ 1) (e)
> with(plots) :

> plot8 := plot(Exact 004(x),x=0.1):
> plot(Exact_ 004(x),x=0..1) :

HiH#H##HE Time steps = 0.01 #H##HH###H

> ni=2:

> Time := 0.02:

> gri= [M)-(l);
n

dt :=0.01000000000

> U := beuler(M, K, d0, n, dt, el, v0, a) :
> with(plots, pointplot) :

Y := Vector(el + 1, U[n+ 1,2]) :
plot9 = pointplot( (h|Y), symbolsize = 15, color = ["Blue"]) :
plot({NY), symbolsize= 15, color = ["Blue"]);

10

vVVYVv
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#i###H# Calculations - Exact dt=0.01 #####H#H#H

>
> _1\m
Exact 001 :== x— sum 4 T (1) 1 1 3 ~cos( 3.14
314" 2m+1) [mw—mm].om 2
exp(1) !
‘2m+1) *x) ,m=0.1|:%=value(%);
4(—1)mcos( 3.14(22m+1)x) |
— =|x—
g ,,;0 3.142 2 m+1)2:0.01 * ,,ZO
3.14(2m+1) () 4
4(—1)'"005( 3.14 (2;1 +1)x )
3.142 2 m +1)2-0.01
3.14(2m+1) () 4
> with(plots) :
> plotl0 = plot(Exact_001(x),x=0..1) :
> plot(Exact_001(x),x=0..1) :
> display([ plotl, plot2, plot3, plot4, plot3, plot6, plot7, plot8, plot9, plot10]);
> display([ plotl, plot2, plot3, plot4, plot5, plot6, plot7, plot8, plot9, plot10]);
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PEng-Consulting

HiHH##HE Time steps = 0.5 #HEHH##HHH

>
>

>

VVyVv

n:=2:

Time =1

— (Time )
dt-—[ " )(1),

dt == —

U := beuler(M, K, d0, n, dt, el, v0, a) :
with( plots, pointplot) :

Y := Vector(el + 1, U[n + 1,2]) :
plotl1 = pointplot({h|Y), symbolsize =15, color = [ "Blue"]) :
plot({hY), symbolsize= 15, color = [ "Blue"]);

0.3

0.1
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2 ]
Q PEng-Consulting
K

#i##E Calculations - Exact dt=0.5 #H##H##HH##H

>
> 1 ‘COS( 3.14

) 2
(3.14-2m+1)) )_0.5 2

exp(l)( !
1% =value(%);

(="
3.4 2m+1)!

“(2m + 1)*x)]],m—0..1

Exact 05 == x— Sum[ [

4(—1)mcos( 3.14(2;1 +1)x )

1
— = -
g mZ’O 3042 2m+1)20.5 ! ,,,Z‘O
3.14(2m+1) (e) 4
4(_1),,,005( 3.14(2;1—1—1))«:)

3.142 2m+1)2-0.5
4

3.14(2m+1) (e)

with(plots) :

plot12 = plot(Exact 05(x),x=0.1):
plot(Exact_05(x),x=0..1) :

display([ plotl1, ploti2]);

VVVYV
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PEng-Consulting

4.0-FEM Approach Forward Euler

> i euler-Final
> with(LinearAlgebra) :
>
beuler :=proc(M, K, d0, n, dt, el,v0, a)
locali, L, U, V;
U := Matrix(n + 1, 2, datatype = anything);
V := Matrix(n + 1, 2, datatype = anything);
L= M+ drK;
for i fromOton
do
ULl +i, 1] = i-dt;
VI14i1] = i-ds
end do:
U[1,2] = v0;
V[1,2] = do,
forifrom1ton
do
Ul +i,2]
V[1+4i2]:
end do:
U:
V;
end proc;

(-1)-L K(V][i,2] + (1 — a)-dt-U[ i, 2]);
Vi,2] + (1 — a)-dt-U[ i,2] + a-dt-Uli + 1,2] :

beuler = proc(M, K, d0, n, dt, el, v0, a)
local i, L, U, V;
U = Matrix(n + 1, 2, datatype = anything);
V= Matrix(n + 1,2, datatype = anything);
L =M+ dt*K;
for { from O to n do U[1 + i, 1] :=i*dt, V[1 +i,1] :=i*dt end do;
Ul1,2] =0,
V[1,2] :=do,
for i to n do
Ul 1 + i, 2] := Typesetting:-delayDotProduct( Typesetting:-delayDotProduct( — 1/L,
K), V[i,2] + (1 —a) *dt* U[i, 2]);
VI14+42]:=V[i2]+ (1 —a)*dt*U[i,2] + a*dt*U[1 +i,2]
end do;
U
V
end proc

#i##HE  Forward Euler #i#H##H##H

22




)
Q PEng-Consulting
K

#H#H#H###  Inputs -- 1.C. and B.C. --- Time steps=0.4 ####H###H##

> el:=5:

> h:= Vector(el + 1,i—(i-1)/el) :
> n=2:

> Time = 0.8:

>

Time
= (2 q1:
dt :=0.4000000000
> d0 = Vector(el + 1,i—1) :

#HitHi###  Global Mass and Stiffness Matrix #HH#H####H#

> M= (%)me(@ [[2,1,0,0,0,0], [1,4,1,0,0,0], [0, 1,4, 1,0,0], [0,0, 1,4, 1, 0], [0,

0,0,1,4,1],[0,0,0,0,1,4]]) :

> K = Matrix(6,[[5,-5,0,0,0,0], [ -5, 10,-5,0,0, 0], [0,-5, 10,-5,0, 0], [0, 0,-5, 10,-5, 0],
[0,0,0,-5,10,-5], [0,0,0,0,-5, 10]]) :

Hi####H Calculations - FEM  #####H#H#H##
> v0=-M'Kdo:

> U := beuler(M, K, d0,n,dt, el v0,a) :
> with(plots, pointplot) :

> Y := Vector(el + 1,U[n+ 1,2]) :
> plotl := pointplot({hY), symbolsize =15, color = [ "Blue"]) :
> plot({h|Y), symbolsize = 15, color=["Blue"]);
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PEng-Consulting

#i###E Calculations - Exact dt=0.4 ####H#H##

>
> 1 ‘COS( 3.14

) 2
(3.14-2m+1)) )'0.4 2

exp(l)( !
1% =value(%);

(="
3.4 2m+1)!

“(2m + 1)*x)]],m—0..1

Exact 04 == x— Sum[ [

4(—1)mcos( 3.14(2;1+1)x) |
x_)mzo 3042 2mt 1204 | x_)mzo
3.14(2m+1) (e) 4

4(_1),,,005( 3.14 (2m + l)x)

2

3.142 2 m+1)2-04
4

3.14(2m+1) (e)

with(plots) :

plot2 = plot(Exact_04(x),x=0.1) :
plot(Exact_04(x),x=0..1) :
display([ plotl, plot2], ) :

VVVYV

Hit##HH# Time steps = 0.1 HHR#HHHHH#

> n:i=2:

> Time :=0.2:

> gri= [m).(l);
n

dt :=0.1000000000

> U := beuler(M, K, d0,n,dt, el v0, a) :
> with(plots, pointplot) :

Y := Vector(el + 1, U[n+ 1,2]) :
plot3 == pointplot( (h|Y), symbolsize =15, color = ["Blue"]) :
plot({hY), symbolsize= 15, color = [ "Blue"]);

VVYV
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2 ]

PEng-Consulting

(e

#H#H#H###  Global Mass and Stiffness Matrix #H###H#H#H#HHH

> = (2 (6, [[2.1,0,0.0,01 [1,4,1,0,0.01.[0, 1,4, 1,0,0]. [0.0, 1.4, 1,01 [0,

0,0,1,4,1],[0,0,0,0, 1,4]]) :

> K = Matrix(6, [[5,-5,0,0,0,0], [ -5, 10,-5,0,0,0], [0,-5, 10,-5,0, 0], [0, 0,-5, 10,-5, 0],
[0, Oa 07_5: 107_5]9 [09 Oa 07 09_5, 10]]) :

H#HiH#H#H#H Calculations - FEM  ##H#H#HH#H#H
> v0:=-M'Kdo:

> U := beuler(M, K, d0,n,dt, el, v0, a) :
> with(plots, pointplot) :

Y := Vector(el + 1, U[n + 1,2]) :
plotl = pointplot( (h|Y), symbolsize = 15, color = ["Blue"]) :
plot({NY), symbolsize= 15, color = ["Blue"]);
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)

PEng-Consulting

(e

#H#H#### Calculations - Exact dt=0.4 ####H#H#H#HHH#
4 _ (0" 1 'COS( 3.14
3148 2m+1)! (3.14-(2m+1>)2).0.4 2

exp(l)( !
“(2m + 1)*x)]],m—0..1

Exact 04 == x— sum[ [

1% =value(%);

4(—1)mc0s( 3.14(2;1+1)x) |
- = -
g mZ‘O 3.142 2m+1)2-04 * ,,,ZO
3.14(2m+1) (e) 4
4(_1),”008( 3.14(2;1—1— 1)x )
3142 2m+1)2-04
3.14(2m+1) (e) 4
with(plots) :

plot2 == plot(Exact_04(x),x=0..1) :
plot(Exact_04(x),x=0..1) :
display([ plotl, plot2], ) :

VVVYV

Hit##H#H# Time steps = 0.1 HH##HHHH#

> ni=2:

> Time :=02:

> dr= [m).(l);
n

dt :=0.1000000000

> U := beuler(M,K, d0,n,dt, el v0,a) :
> with(plots, pointplot) :

Y := Vector(el + 1, U[n + 1,2]) :
plot3 == pointplot( (h|Y), symbolsize =15, color = ["Blue"]) :
plot((h|Y), symbolsize= 15, color = [ "Blue"]);

vVVyv
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(e
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PEng-Consulting

#it###E Calculations - Exact dt=0.04 ###H##H##

4 (" 1

Exact 004 := x— sum 7 7
314 (2m+1)

-(2m+1)*x)]],m0..1

+ COS
. 2 (
[ (3.14 (2;11 1)) ].0.04 2

exp(1)
1 %=value(%);

Z 4(—1)mcos( 3.14(2;n+1)x] i
— = —
* m=0 3.142 2m+1)2-0.04 *
3.14(2m+1) (e) 4
4(_1),,,005( 3.14(2? +1)x )

3,142 (2 m+1)2-0.04
4

314 (2m+ 1) (e)

> with(plots) :
> plot8 := plot(Exact 004(x),x=0.1):
> plot(Exact_004(x),x=0..1) :

#itH#### Time steps = 0.01 #HH#H#H#H#HH
> n:=2:
> Time = 0.02:

> dt= [%)(1);

dt :=0.01000000000

> U := beuler(M, K, d0,n,dt, el v0,a) :
> with(plots, pointplot) :

Y := Vector(el + 1, U[n + 1,2]) :
plot9 == pointplot((h|Y), symbolsize = 15, color = ["Blue"]) :
plot({HY), symbolsize= 15, color = ["Blue"]);
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#i###H# Calculations - Exact dt=0.01 #####H#H#H

>

> Ry
Exact 001 :== x— sum 4 T (1) 1 1 3 ~cos( 3.14
3.14 (2m+1) [—(3.14-(2m+1)) ].0.01 2

exp(1) !

“(2m + 1)*x) ,m=0.1|:%=value(%);

4(—1)mcos( 3.14 (2m + 1)x)

1
x> 2 2 =[x 2,
m=0

=0 3.142 2 m+1)2-0.01
3.14(2m+1) () 4

4(_1),,,005( 3.14(2;1 +1)x )

3142 (2 m+1)2-0.01
3.14(2m+1) () 4

with(plots) :

plot10 = plot(Exact 001(x),x=0.1) :

plot(Exact_001(x),x=0.1) :

display([ plotl, plot2, plot3, plot4, plot5, plot6, plot7, plot8, plot9, plot10]);
1 & — <

VVVYV

0.8

06 -

049

0.2

02 04 06 08 1
& ! & &
02| o
o
0.4
© o
06
&

[ & FEM — Emet |

28




)
Q PEng-Consulting
K

#i#H#H#H## Time steps = 0.75 ###H##H#H#H#H#
> ni=2:
> Time :=1.5:

> ar= () (1):

dt == 0.7500000000

> U := beuler(M, K, d0,n,dt, el, v0, a) :
> with(plots, pointplot) :

Y := Vector(el + 1,U[n+ 1,2]) :
plotl1 = pointplot({hY), symbolsize =15, color = [ "Blue"]) :
plot({NY), symbolsize= 15, color = ["Blue"]);

VVyv

_Ul .

-0.3-

-0.4-

_[]5 .

-0.6-

#it##H# Calculations - Exact dt=0.75 #it##i#i#i

>
4 (=p”
314" 2m+1)!

“(2m + 1)*x)”,m—0..1

1 3.14

- COS
. 2 (
[ (3.14 (24m+1)) ]‘0.5 2

Exact 075 == x— sum[ [

exp(1)
1% =value(%);
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PEng-Consulting

(e

4(—1)mcos( 3.14(21211+1)x) |
x—= Z =|x— Z
Py 3.142 2m+1)2-05 w0
3.14(2m+1) (e) 4
4(—1)mcos( 3.14(2;1—!— 1)x )
3.142 2m+1)%.05
4

3.4 (2m+ 1) (e)

with(plots) :

plot12 = plot(Exact 075(x),x=0..1) :
plot(Exact_075(x),x=0.1):

display([ plotl1, ploti12]);
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